RELATIONS BETWEEN C^- AND POINTWISE 
CONVERGENCE OF FAMILIES OF FUNCTIONS INDEXED 
BY THE UNIT INTERVAL. 



Abstract. We construct a variety of mappings from the unit inter- 
val I into £*'([0, 1]) to generalize classical examples of /^''-converging 
sequences of functions with simultaneous pointwise divergence. By es- 
tablishing relations between the regularity of the functions in the image 
of the mappings and the topology of T, we obtain examples which are 
/^''-continuous but exhibit discontinuity in a pointwise sense to different 
degrees. We conclude by proving a Lusin-type theorem, namely that if 
almost every function in the image is continuous, then we can remove 
a set of arbitrarily small measure from the index set I and establish 
pointwise continuity in the remainder. 

1. Introduction 

1.1. Motivation and Overview. Examples of sequences of real functions 
on a compact domain which have a limit in O' , but do not converge pointwise 
are well known. Their construction is based on the fact that any interval 
can be covered infinitely often by a sequence of subintervals of vanishing 
lengths. Take, for instance, the sequence {fi)i£X of characteristic functions 
fi = Xii^i ^ I^; of the intervals /j = — 1, — 1], where k is the unique 
integer with 2^ < i < 2^^^. We can even have all the terms of the sequence 
being smooth functions, by applying a suitable molifier to each one of them. 

In examples like the above, only the order of the index set is relevant. 
We can observe, however, that a trivial topology is induced in a natural 
way by the convergence of the sequence. It is not at all obvious, if these 
types of examples can be extended to index sets which have more complex 
topological structure. We wish to address the case of a continuous curve / 
which maps I = [0, 1] into C^{[0, 1]) and generalize examples like the above. 
In our setting, the index set I itself has already a non-trivial topological 
structure, which turns out to interact with the regularity properties of the 
family {ft,tel}. 

Curves like this often appear in semigroup theory as solutions of PDEs. 
However, the smoothing properties of the operators in these settings usually 
result in a high regularity for the solutions for every t > 0, and therefore 
pointwise convergence comes naturally. Even for the more tricky case of 
t = 0, pointwise convergence can often deduced by using tools from har- 
monic analysis, potential theory, etc. In this paper, no underlying process 
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is assumed. We are investigating the pointwise behavior of the curves in a 
purely real analytic way. 

By making different assumptions regarding the properties of the functions 
jt we construct two example curves in CP which lack pointwise convergence 
almost everywhere. The first example is constructed in Section 2, where 
we assume that € 1} C (7(17) and that almost all ft are smooth. In 

Section 3 we show that the criteria on the regularity jt in Section 2 are 
optimal by demonstrating that the structure of X makes "everywhere point- 
wise divergence" impossible and that higher regularity always implies better 
pointwise convergence properties. 

In Section 4 we drop the continuity requirement and construct a curve 
of very irregular functions. For this curve, not only we have a.e pointwise 
divergence, but also the divergence is inherited in every subset T of I with 
positive measure. Finally, Section 5 is devoted to prove that the discontinu- 
ity of ft is necessary to obtain a curve that exhibits such a highly pointwise 
divergence. In particular, the example in Section 4 motivates a special case 
of our main result Theorem 5.2., which can be interpreted as a refined ver- 
sion of Lusin's Theorem in two variables. 

1.2. Notation. Throughout, T is the unit interval [0, 1], equipped with the 
standard norm | • | and the corresponding Borel-a-field. Lcbesgue measure on 
X is denoted by We study functions / : X x $7 — > M of two real variables, 
we will usually, for t G X, write ft for the function /(t, •) in one real variable 
to stress the difference between "time" and "space", but revert to write / 
as a function of two variables when it is notationally more convenient. The 
spacial domain C M of the functions /t, i G X, can be chosen to be any in- 
terval of R equipped with its Borel cr-field and Lebesgue measure. We take 
n = [0, 1] for convenience in the construction of the examples. To avoid 
confusion with the "time" interval X, whenever we refer to space, i.e. when 
measuring sets in the domain and range of the real functions G [0, 1], 
we denote Lebesgue measure by A. 

A) = >C^' for 1 < jo < oo denotes the space of real-valued 
integrable functions on 12, equipped with the topology induced by the semi- 
norm II • lip. Furthermore, we write W^'^ for the space of all absolutely 
continuous functions with derivatives belonging to CP and use the standard 
notation C(0) and C°°(0) for the space of continuous real valued functions 
on 12 and the space of real valued smooth functions on 17 \ 512. 

Remark 1.1. Note that we do not identify almost everywhere indentical 
members of CP , since all our constructions are pointwise. To prove lack 

of pointwise convergence at a point t, we choose a sequence tn converging 
to t and assure, that ft„ diverges pointwise on a set of positive measure. 
Therefore the established irregularity can not be avoided by choosing different 
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"versions " of ft and trivial counterexamples like the continuous transport of 
a set of measure zero are excluded. 

2. Construction of the first example 

We begin by showing tliat there is a continuous curve of continu- 
ous functions, along which pointwise convergence can be estabhshed almost 
nowhere and that this irregularity is achieved while keeping smooth, almost 

all functions along the curve. 

Theorem 2.1. Let I < p < oo. There is a continuous mapping f of [0, 1] 
into D'iyi), satisfying 

(i) ft is absolutely continuous for all t G [0, 1], 

(ii) ft G C°°(0) forti-a.e. t, 
but also 

(A) for ii-a.e. t G [0, 1] there exists a sequence (in)neN with lim„_j.ooin = t 
such that 

\{x G ^ : {ftSx))nm is cauchy} = 0. 

Proof. Fix an increasing sequence Ki C K2 C • • • C [0, 1] of closed nowhere 
dense sets such that /v. (IJi^i -^^i) = 1- For each i, the complement Kf can 
be represented as a countable union [J'^i{rij, Sjj) of open intervals, whose 
lengths we denote by lij = ^{rij,Sij). In this setting define 

/W(t,x) = <^i(t)7i(t,x), 



where 



fiit) 



if f G [rjj- + , Si J 2j ]) 
Sjj) if t G {sij — -2j'jSij), 
otherwise 



and 



.ip''' ^ if i G (rjj, Sjj) for some j G N 



and X G [0, 1], 
otherwise. 



A straightforward calculation shows that ||7i(t, OIIp < Furthermore, 
observe that f^^\t,-) is uniformly continuous on Kf and i2^-continuous on 
the whole [0, 1]. We also have that Ollp < for all t G [0, 1], i G N 

and x) < 4-' for all t,x e [0, 1] x i G N. We set 

00 

ft{x) = ^f^\t,x), 
1=1 
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which defines a function / : [0, 1] — > £^(0) for which the properties stated 
in the theorem can be verified. To show that / is a continuous mapping of 



the unit interval into (>C^(il), 



we fix e > 0, choose I € N such that 



2 < I and estimate for i, u G X, using the triangle inequality and Fatou's 
Lemma 



|/«(^)-/t(^)rdx 



dx 



i=l 



i=l 



<4 



The finite left hand side summand can be made smaller than | by choos- 
ing u close to t and the right hand side summand is bounded by and 
therefore by |. Since t and e can be chosen arbitrarily, we conclude that 
£^-continuity holds for every i G [0, 1]. 

Now set K := (J^^ -f^i, then for i G K there exists an index i for which 
t e Ki. Hence f{t,-) is a finite sum of C°°{Cl)- functions and therefore 
smooth, so (ii) holds. For (i), absolute continuity only needs to be verified 
for t G K'^ . Clearly all •) arc absolutely continuous and so are the 

finite sums X^j^^ /^'H^' ')• -^o^ existence of the limits, we note that 



d 1 
— -T exp 
da;4« 



1 2tt 



TT ,r — 



f-r, 



j2p 



41 ;2p 
i,3 



k 



-TT X 



-T exp 



t-ri. 



j2p 



which is still summable in i. Hence the first derivative of ft exists for all t 
a.e. on il, which is equivalent to absolute continuity. 

The final step is to show that (A) holds by constructing for every t £ K 
a sequence such that ■) has the desired property. Let t E K 
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be fixed and let i = i{t) = min{j € N : t € Kj}. Since Ki is nowhere 
dense, there exists a subsequence of intervals (('^ijn) indexed by 

(jn) = {jn{t)) with endpoints rij^,Sij„ converging to t. For each one of 
these intervals we can find an integer k = k{n) and a fc-tuple T[n) = 
(T^(n),r^(n), ...,r'^(?7,)), where r'(n) € {fij^^ ^ijn)^ with the property that 
for every x G [j~\t)^ ^ ~ JTtj] t^^^re exists an index / = l{x, n) G {1, . . . , /c} 
such that f^'^{T\n),x) > |4"'. 

We consider now the sequence (tm)mGN obtained by concatenating the 
k{n) + 2-tuples {rij^,T^{n),T'^{n), . . . ,T^{n), Sij^) in increasing order in n. 
Fix xq G [0, l],no G N and e = ^4~*. Since t ^ Kfi for any h < i we know 
that the functions f^^\T) are uniformly continuous around t every h < i, 

i.e there is a 5 > such that E1=i(/^''H*> •) - /^''H'^^ •)) < it for every r 
with |t — r| < 5. Since t„ converges to t there is ni G N such that for every 
n G N with n > ni we have \tn — t\ < 6 and by construction of tn there are 
n,m > max{no,ni} such that f^'^\tm,XQ) — /^*-'(tn,xo) > |. For these n, m 
we have 

oo 

f{tn.,x) - f{tn,x) = ^{f'^''\t^,x) - f^''\tn,x)) 
h=l 

i-l 
h=l 

oo 

> 2 1 1 _ 2 1 1 _ 

~ 3 . 4« 4-4* ^-^ 4^1 ~ 3 . 4« 4-4* 4.4*"^' 

so (/(tn,x))^gpj is not cauchy. □ 

3. OpTIMALITY of THE CONDITIONS IN THEOREM 12.11 

In this section we show that Theorem 12.11 is sharp in two senses. Firstly, 
we cannot obtain divergence on the whole of X. 

Proposition 3.1. Let f he a continuous map 0/ [0, 1] into C^{Q). If ft is 

continuous for every t, then there is a comeagre subset T C [0, 1] such that 
for any t & I and any sequence (tn)neN with limit t 

lim ft„ix) = ft{x) for all x G Q. 

n— >oo 

Proof. Define for < q < p the sets 

Tpg = {te [0, 1] : 3 x{t) G n with ft{x{t)) <q<p< limsup/5(x(t))}. 

s^t 
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We first want to prove by contradiction that Tpq are nowhere dense sets. 
Let us assume that there are q < p such that Tpq is dense in an open ball 
B{to,ro), with to G Tpq. We then have that no open subset S of the ball 
B{to , ro) is disjoint from Tpq. 

We will first show, that for any such S and any choice of 6 > and suffi- 
ciently small p > 0, there exist t S and r < p such that for every s S B{t, r) 
we have a;(s, 5) > q — p, where lli{s, S) = sup{|/s(x) — fs{y)\ '■ \x — y\ < 6}. 

By assumption, there is ti € SCiTpg, hence there is a point x{ti) € with 
ft^{x{ti)) < q <p< limsup^^j^ fs{x{ti)). Since < q, there exists 

< 5i < 5 such that fti{y) < q, for all y G B{x{ti), 6i), by continuity of 
ftj^. Moreover, / is £^-continuous, hence there is ri > such that for every 
s G B{ti,ri), there exists G B{x{ti),6i) for which /^(^"(s)) < q. We 

choose now a second point t2 G B{ti,ri) with /^^(^(ti)) > p and by continu- 
ity of ft2 we can fix > such that ft2 (y) > p for all y G B{x{ti), 62). Using 
£P-continuity again, we can find r2 > such that for every s G B{t2,r2) 
there exists x''{s) G B{x{t2), 62) with > p. The above assertion now 

holds for the choices t = t2, r = minjri, r2, sup{|t2 — -sl, s G dB{ti,ri)}} and 
6 = 5i. 

Applying the above construction to vanishing sequences {pn)n€N, (^n)neN, 
we can find points t„ and radii r„ < pn with B{tn+i,rn+i) C B{tn,rn) 
and uj{s,6n) > q —p for every s G B{tn,rn). Since lim„_j.oo J'n = 0, we 
have that lim„_>oot„ = too for some too £ [0)1]- Moreover, we have that 
'^(^ooi'^n) > P — q for every n G N, which contradicts the assumption that 
ft is continuous for every t G [0, 1], hence our initial assumption that Tpq is 
not nowhere dense cannot be true. 

We can apply the same argument to the sets 
Spq = {t : 3 x{t) G Q such that ft{x{t)) > q > p > liminf /s(x(t))}, 

and the comeager set T mentioned in the theorem is the complement of 

U (Tpg^Spq). 

□ 

Secondly, we can prove that we cannot make the regularity requirement 
(i) in Theorem 12.11 stronger . 

Proposition 3.2. Let f be a continuous mapping o/[0, 1] into £^(0)nW^''^, 
where 1 < p < 00 and q > 1. Then there is an open dense set T C [0,1] 
such that for all t ^ T and any sequence (tn)neN with limit t, 

lim ft^x) = ft{x) for all x eO.. 

n— >oo 
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For the proof of Proposition 13.21 we need to establish an auxiUary lemma 
about the relation between >C^-continuity and pointwise continuity. 

Lemma 3.3. Let f be -continuous and S C [0, 1] an open interval. If 
f{t) € W^''^{i^) for some q > 1 and {ft',t S S} is bounded in W^''^, then f is 
pointwise continuous for every t G S, i.e. lim„_>.oo /t„ (2;) = ft{x) for every 
sequence {tn)n&n converging to t and every x € 0. 

Proof. Let / satisfy the assumptions of the lemma and fix e > 0. Livoking 
the Sobolev Embedding Theorem (see e.g. [U Theorem 4.12]), we can as- 
sume that ft is Holder-continuous with exponent g' = 1 — ^ and constant 
C > independent of t, i.e. we have for all t & S, 

\ft{x) - ft{y)\ < C\x - 2/1^', for all x,yen. (1) 

Now fix X G and any s,t G S, then applying the triangle inequality and 
([T]) we obtain for all y € 

\ftix) - fsix)\ <\ft{x) - ft{y)\ + \ftiy) - fs{y)\ + \fs{x) - fs{y)\ 

<2C\x-y\'^' + \ft{y)-fs{y)\. 

Integrating both sides in y on the interval B{x,rj) = (x — ^,x — where 
<r] < min{|, 2 s/^}, yields 



1 1 
p / r \ p 



I \ft{x)-fs{x)fdy] <[ I i2C\x-yf)Pdy 

jB(x,rj) J \JB{x,Ti) 



+ / l/t(y)-/s(y)Ry 

Ws(x,r?) , 



and thus 
This implies 



Vlftix) - fsix)\ < r]pe + ll/i - /, 



S IIP' 



rjp 

and using continuity of / we derive that 

\ft{x)-fs{x)\<e, 

for all s sufficiently close to t. □ 

We are now ready to prove Proposition 13.21 

Proof of Proposition COl Let ft € W^'''{Q),q > 1 for every t S [0, 1]. Since 
ft is absolutely integrable for all t, we can expand each ft into a fourier 
series 

n=m 
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for which we have hmm-j-oo f^"^\t, •) = ft, w.r.t. || ■ \\i^q, see e.g. [2 p. 78]. 
Using >CP-continuity of / we obtain that the coefficients Cn{t) = ft exp ( — 
m7r(- — |))dA are continuous in t and furthermore g^^^{t) = Olli.g 
is a continuous function. Hence g{t) = can be represented as a limit 

of continuous functions and therefore is continuous on the complement of 
a meager set, see e.g. [3l Theorem 7.3]. This implpies that g{t) is locally 
bounded on an open dense set. Thus the assumptions of Lemma 13.31 are 
satisfied and its application yields the statement of the theorem. □ 

4. Construction of the second example 

If the requirement (i) in Theorem 12.11 is dropped, then it is possible to 
create an example in which pointwise divergence is obtained on every subset 
of I of positive measure. 

Theorem 4.1. There exists a continuous function f : [0, 1] — > C^{^}), such 
that for all measurable sets T C [0, 1] with ^{T) > and almost every t (z T 
there exists a sequence (tn)ngN C T with lim„_>,oo tn = t and X{At) = 1 where 
At = {x : lim„_^oo ftA^) / ft{x)} 

Proof. Let {qm,m G N} C X be dense and assigned to each qm a sequence 
(sm,fc)fcGN defined by 

Sm,k = Qm - , , ^ , where r(m) = min |r : - - > o|. 

K + r[m) I r i 

To partition the spacial domain, set 

r 2{t-Sm,k) 1 \ J ■ /i 2(t-s„,fc) \ 
Om,k = max<^0, Tk+Wi] ^'^'^ (^rn,k = mm<^ 1, ^. 

Furthermore, denoting by XTxA the characteristic function of a subset T x 
A C I X ^ and setting Sm,k = [sm,k, Sm,k+i], define functions f'^'^'^\t,-) : 

c^in) by 

/(-'^)(t,x) = 2-X5„,.x[w.w](*'^)- 

These functions satisfy \\fmk{t, ■)\\p < ^J^_fc , for all t € X and one also checks 

easily that f^'^'^Xt,-) is £r,-continuous in the first variable for all t € I. We 
can now set 

oo 

ft{x)= Yl f^'^''Ht,x) 

k,m=l 

and the limit / is a well defined real function, since f{m,k){t^x) > and 
E^,fc=ill/("^'')(t,-)||p<oo. 

Now let S" C / be of positive measure X{S) > 0, and let t G 5 have density 

1 with respect to S. We inductively construct a sequence (tn)nGN such that 

limsup x) / liminf f{tn,x), for almost all x G [0, 1]. 

n^oo n— >-oo 



RELATIONS BETWEEN C^- AND POINTWISE CONVERGENCE 



9 



To this end, initiate the construction with ti = 0, no = rriQ = 1 and let 
(7i)ieN C [0, 1] increase to 1. Assume, we have akeady constructed the 
initial members of the sequence ti , . . . , , . . . , t„2 , . . . , . Since t is a 
point of density 1 in 5, we can fix pi € (0, 1) \ G N} such that for 

every p < pi, 

X{SnB{t,p))>jipandl-p^>ji. (2) 
Let now / G N be the unique integer with < Pi < j aiid choose > 
minimal with the property that j + l + l<t + pi — < t + j. For at least 
one of the intervals Sm„k; € N we have X{Sm„k n S) > (sm^k+i - Sm„khi, 
by ([2]). We denote the index of this interval by ki and using the definition 
of and we can select tn^.i+i, ■ ■ ■ ,tni from Smi,ki such that 

A{a; : ft„.+j{x) > 2'" for at least one j G {1,2, ..,ni - nj_i}} > 7^, 

which concludes the construction and finishes the proof, since (7i)jeN con- 
verges to 1. □ 

5. Necessity of discontinuous ft in Theorem 14.11 

In this section we prove our final and most general result, namely that 
dropping continuity with respect to x for almost every t is essential in order 
to be able to construct an extremely irregular curve like in Theorem 14. 11 We 
show, that if the function ft is continuous for every t, then a refined version 
of Lusin's theorem in two variables holds. 

Theorem 5.1. Let / : [0, 1] x — > CP he Borel measurable such that ft is 
a continuous function for p-a.e t G 0. Then, for every e > 0, there is a set 
Tg C [0, 1] with p,{Tf) < e such that the restriction 

f\T,^n-{TeX^A-\^\-\)^i^,\-\) 
is a continuous function. 

It is noticeable that in Theorem 15.11 only the fact that / is a measurable 
function in [0, 1] x is needed and there is no £^-continuity assumed. How- 
ever £'P-continuity guarantees that / is a measurable function in [0, 1] x 
and therefore the claimed necessity in Theorem 14.11 is a straightforward con- 
sequence. 

Corollary 5.2. Let f be a continuous function from [0, 1] to £^(0). Lf ft € 

D'{Vt) is continuous for fj,-a.e t G [0,1], then the assertion in Theorem \5.1\ 
holds. 

Before we proceed with the proof of Theorem 15.11 we would like to point 
out the difference between Theorem 15.11 and the classical result of Lusin. 
In Lusin's theorem an arbitrarily small set of X x $7 is removed in order to 
establish continuity on the remainder. In our case the stronger assumption 
of continuity with respect to one variable entails the information that this 
small set is of the form x ^2, so it is only necessary to remove a "slice" 
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in the space-time domain. 

For the proof of Theorem lS.ll we also need the following preliminary result. 

Lemma 5.3. Let F = {ft',t € 1} be a family of continuous functions. Then, 
for every e > 0, there is a set Sg C I, such that fi{S^) < e, with the property 
that Fe := {ft]t G Se} is equicontinuous. 

Proof. Let uj^ denote the (5-oscillation functional, 

u)s{g) := sup{|5r(x) - g{y)\ : \x - y\ < 6} (3) 

and set ujn{t) = uji{ft) on F. We have lim„_j.oo Wn(i) = for every t, since 
all ft are continuous. From Egorov's Theorem (see, e.g. [3] Theorem 8.3]) 
we deduce that for every e > 0, there exists a set 5^ with fJ-{S^) < e such 
that ujn\ Se converges uniformly. Now, fixing e > 0, we wish to show that 
the uniform convergence of a;„ to zero implies equicontinuity. 

Let ?7 > 0. S ojn = uniformly on Sg, there exists no G N 

such that for all n > uq, 

ojn < Tj for every t € Sg. 

Hence, choosing 5 = in ([SD and evaluating los on F^, we obtain 

sup{|/t(x) - ft{y) : |x - y| < 6\} < rj. 

This means Fg is equicontinuous, since r] was choosen arbitrarily. □ 

From Lemma [5. 3 1 and Lusin's Theorem we can finally deduce Theorem l5.1l 

Proof of Theorem \5.1\ Since / is Borel measurable, we have that where 
f^{t) := f{t,x), is a Borel measurable function for almost every x G [0,1]. 
We can therefore choose a dense countable subset X = {xn ; n G N} C O such 
that is Borel measurable for every n G N. By Lusin's theorem, for every 
function G N, and any fixed small parameter e there is a set ?7„ C 

[0, 1] such that iJ,{{Un)'-^) < lyk^r and ff"^ is continuous. Now define := 

(J^i and apply Lemma [5T3l to the family {/(i, •); * ^ [0) 1]} to obtain a set 
5| such that {/(t, G 5*1} is equicontinuous. Now, setting := 5| ny|, 
we conclude the construction, since {/(t, •); t G Tg\ is equicontinuous and 
for fixed r/ > 0, n G N, 

|/(s, Xn) — f{t, Xn)\ < Tj for all t,s G with \t — s\ < 

It remains to check, that the restriction f^x^xn is continuous, which can 
be done by a straightforward diagonalisation argument. □ 
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